Non-Abelian Topological Order from Quantum Organization in
  Indistinguishable Groups by Paredes, Belén
Non-Abelian Topological Order from
Quantum Organization in Indistinguishable Groups
Bele´n Paredes
Instituto de F´ısica Teo´rica CSIC/UAM
C/Nicola´s Cabrera, 13-15 Cantoblanco, 28049 Madrid, Spain
(Dated: April 23, 2014)
I propose that non-Abelian topological order can emerge from the organization of quantum parti-
cles into identical indistinguishable copies of the same quantum many-body state. Quantum indis-
tinguishability (symmetrization) of the collectivities leads to topological degeneracy in the subspace
of elementary excitations, giving rise to non-Abelian braiding statistics. The non-Abelian hidden
order of a symmetrized structure is manifested in its entanglement properties, and the corresponding
non-Abelian fusion and braiding rules can be derived by analyzing the set of symmetrized states on
a surface with non-trivial topology like a torus. To illustrate the emergence of non-Abelian statistics
from symmetrization, I consider the case of two identical copies of the toric code model. The result-
ing model is shown to be non-Abelian, exhibiting two types (charge and flux) of quasiparticles with
non trivial fusion channels. The symmetrization construction I present here constitutes a framework
for the generation of non-Abelian models from known Abelian ones.
PACS numbers: 03.65.Vf, 05.30.Pr, 75.10.Jm, 03.67.Lx
INTRODUCTION
Quantum Hall systems [1–4] taught us that we should
not regard quantum statistics as the result of permuting
variables in a many-body wave function, but rather as
the one of exchanging particles along a physical path [5].
Within this definition, quantum statistics in two dimen-
sions is a representation of the Braid group [6], where a
braid describes the physical exchange of the world-lines
of particles. One-dimensional Abelian representations of
the Braid group correspond to fractional statistics, with
statistical phase interpolating between the one of bosons
and fermions. Remarkably, non-Abelian representations
open the possibility for the existence of quasiparticles
with non-Abelian braiding statistics [7–11]. The concept
of non-Abelian statistics is profoundly unintuitive, since
it implies that the exchange of identical quasiparticles
produces a global change in the underlying vacuum, con-
verting it into a topologically different one. The space of
topologically distinct vacua’s, connected through braid-
ings of identical quasiparticles, exhibits a highly non-
local structure in which quantum information can be
stored safely, immune to local interactions with the en-
vironment [9, 12, 13].
Non-Abelian anyons have been predicted to occur both
in fractional quantum Hall systems [7, 8], as excita-
tions of the so called Pfaffian state [14–16], and as Ma-
jorana fermions attached to vortices in superconduc-
tors with p-wave pairing [17, 18]. Recently, evidence of
such Majorana fermions has been found in semiconduc-
tor nanowires coupled to superconductors [19]. Towards
the fundamental understanding of non-Abelian topolog-
ical order, the discovery of exactly solvable models ex-
hibiting non-Abelian phases has played a crucial role
[12, 20–31]. In this direction, the spin lattice models
FIG. 1: Non-Abelian anyons and symmetrization. (a)
Manifold of topologically distinct many-body states con-
nected through braiding of non-Abelian quasiparticles. Quan-
tum organization in identical copies of a certain many-body
state (b) is proposed to lead to non-Abelian anyons.
developed by Kitaev [12, 24], together with quantum
loop models [22, 23, 25, 26, 29, 30] and string-net models
[20, 21, 27], constitute eminent examples. Non-Abelian
anyons have been also proposed to appear when intro-
ducing non-trivial scalar products [25] or twists [32] in
quantum loop models. Remarkable insight into the un-
derlying properties of non-Abelian topological order has
been gained by Wen’s theory [20, 21], in which both
Abelian and non-Abelian states are proposed to emerge
from the condensation of extended objects dubbed string-
nets [21]. String-net condensation reveals that the math-
ematical framework underlying topological order is ten-
sor category. Tensor network representations for the
ground states of string-net models have been developed in
[33, 34]. But, as much as this endeavor has been fruitful,
it is also far from being complete. The challenge remains
to find descriptions of non-Abelian states that allow us
to characterize them in an intuitive way, identifying the
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2FIG. 2: Quantum organization in indistinguishable
copies. Identical copies of the same quantum many-body
state are merged through the symmetrization S (a). For a
lattice system of local degrees of freedom described by the
Hilbert space H, the symmetrization is realized by the pro-
jector P (b), a product of local projectors which map the
tensor product of the identical Hilbert spaces onto the sym-
metric Hilbert space HS .
features of their underlying Hamiltonians and paving the
way towards their experimental realization.
Here, I propose that non-Abelian topological order can
arise from the organization of quantum degrees of free-
dom into indistinguishable copies of the same quantum
many-body state (Fig. 1). The non-commutative algebra
characterizing non-Abelian braiding statistics originates
from the symmetrization of the identical Abelian alge-
bras defining the Abelian statistics of the copies. This
approach aims at providing an intuitive picture for the
physical mechanism leading to the formation of non-
Abelian anyons, giving a simple description of the pat-
tern of many-body entanglement underlying non-Abelian
topological order. Such pattern is inspired by the form
of the wave function describing non-Abelian fractional
quantum Hall liquids [7], which can be constructed from
copies of Abelian quantum Hall states [31, 35, 36]. This
work is motivated by my previous work on the emergence
of non-Abelian braiding properties from merging of iden-
tical quantum loop condensates [37].
The theory is presented in three stages: intuition, con-
jecture and illustration. First, I explain the intuition be-
hind the general idea, arguing how the symmetrization of
identical quantum many-body states leads to the origin
of non-Abelian quasiparticles. The reasoning I follow is
simple. The freedom to assign quasiparticles to the iden-
tical copies gives rise to a set of degenerate states that are
locally indistinguishable and are connected to each other
by braidings of the quasiparticles. This opens the path
for non-Abelian braiding statistics. Second, I present a
general conjecture on the properties of topological mod-
els arising from symmetrization of identical copies of a
given topological model. I propose that the quasiparti-
cles of the symmetrized model are constructed as sym-
metrizations of tensor products of the Abelian quasipar-
ticles of the copied model. The algebra characterizing
the fusion and braiding rules is obtained through sym-
metrization of the tensor product of the algebras defining
the copies. Third, to illustrate the theory I analyze the
model emerging from the symmetrization of two copies
of the toric code model [12], a seminal example of an
Abelian topological model. In order to characterize the
arising symmetrized model, I use recent results on the
description of topological models through the entangle-
ment properties of the corresponding ground states [38–
42]. Within this framework, the quasiparticles statistics
and braiding can be derived by analyzing the basis of
ground states with minimum entanglement entropy on
a torus [40–42]. Following this procedure, I analytically
obtain the non-trivial fusion and braiding rules of the
symmetrized model, proving its non-Abelian character
and showing in this case the validity of the conjecture.
SYMMETRIZED STATES AND NON-ABELIAN
STATISTICS: INTUITION
Let me consider a lattice system of local degrees of
freedom characterized by the Hilbert space H. Let |Φ〉
denote a collective state of such a many-body system. I
further consider the state resulting from the symmetriza-
tion of k identical copies of |Φ〉 in the form:
|Ψ〉 ∝ P (|Φ〉 ⊗ |Φ〉 . . .⊗ |Φ〉) . (1)
Here, the projector P =
∏
` P` is a product of local pro-
jectors that map the tensor product of the k identical
local degrees of freedom H⊗k onto a new degree of free-
dom HS , which is symmetric under exchange of any two
of them:
P : H⊗k −→ HS , with P =
k∏
i<j
1 + SWAPij
2
, (2)
and SWAPij being the permutation operator between
copies i and j. The symmetrized state (1) exhibits, by
construction, a global hidden order associated to the in-
ternal organization of the local degrees of freedom in
identical indistinguishable copies of the same many-body
state.
Let me intuitively argue how quasiparticles with non-
Abelian statistics can emerge from such a pattern of
many-body entanglement. If we assume that each copy
exhibits localized quasiparticles as elementary excita-
tions, it is reasonable to expect that the elementary exci-
tations of the symmetrized state are constructed by creat-
ing quasiparticles in each of the copies and symmetrizing.
If the spatial positions of the quasiparticles are fixed, we
3FIG. 3: Topological degeneracy and non-Abelian
braiding from symmetrization. (a) A subspace of topo-
logically distinct vacua’s are compatible with the same posi-
tions of the quasiparticles. They correspond to different as-
signments of the quasiparticles to each of the identical copies.
(b) Different states are connected to each other through braid-
ings of the quasiparticles. The composition of braids is non-
commutative.
still have freedom to assign them to each of the identical
copies in different ways. For instance, for the case of two
copies and four quasiparticles at positions ξ1, ξ2, ξ3, ξ4,
the following assignments are possible (Fig. 3):∣∣Ψ(ξ1ξ2)(ξ3ξ4)〉 ∝ P (|Φξ1ξ2〉 ⊗ |Φξ3ξ4〉)∣∣Ψ(ξ1ξ3)(ξ2ξ4)〉 ∝ P (|Φξ1ξ3〉 ⊗ |Φξ2ξ4〉)∣∣Ψ(ξ1ξ4)(ξ2ξ3)〉 ∝ P (|Φξ1ξ4〉 ⊗ |Φξ2ξ3〉). (3)
Here, the states
∣∣Φξiξj〉 correspond to excited states of a
copy with quasiparticles at positions ξi and ξj . The sym-
metrized states (3) are locally indistinguishable, since the
positions of the quasiparticles are the same in all of them.
But they are globally distinct, for they correspond to dif-
ferent internal (hidden) pairings of the quasiparticles in
each of the copies. Moreover, by braiding the quasiparti-
cles the internal pairing can change, so that one state is
transformed into another one (Fig. 3). The composition
of braids is non-commutative. If the operator that braids
quasiparticles at positions i and j is denoted by Xij , we
have, for example, that
X12X14
∣∣Ψ(ξ1ξ2)(ξ3ξ4)〉 = ∣∣Ψ(ξ1ξ4)(ξ2ξ3)〉
6= X14X12
∣∣Ψ(ξ1ξ2)(ξ3ξ4)〉 = ∣∣Ψ(ξ1ξ3)(ξ2ξ4)〉 . (4)
We see how, due to symmetrization, a topological degen-
eracy seems plausible to arise in the subspace of quasi-
particles, leading to a non-Abelian algebra of exchanges.
CONJECTURE ON SYMMETRIZED ANYON
MODELS
Topological models feature a ground state degeneracy
that depends on the topology of the space on which they
are defined [3, 12]. Remarkably, the set of ground states
on a torus already encodes complete information about
the generalized statistics of the gapped quasiparticles
[38–41]. As proposed in [40], analyzing the entanglement
properties of this set of ground states allows us to deter-
mine the braiding and fusion rules of the anyon model.
One starts by noticing that the number of ground states
on a torus corresponds to the number of distinct topo-
logical charges or anyonic quasiparticle types defining the
model. Next, one identifies the states with minimum en-
tanglement entropy for a bipartition of the torus along
a given cycle. These states can be identified with the
quasiparticles of the topological phase [40]. Finally, the
modular S-matrix, whose elements encode the mutual
statistics of the quasiparticles, is obtained by relating
bases of states with minimum entanglement entropy for
different bipartitions of the torus associated to different
cycles.
Preliminaries: the Abelian model serving as a copy
Let me consider an Abelian topological model with d
distinct topological charges labeled by
{q1, . . . , qi, . . . , qd}. (5)
Let this model describe a lattice of N local degrees of
freedom characterized by the local Hilbert space H. For
example, in the case of a lattice of spin- 12 spins, this local
Hilbert space is H ' C2.
Let me consider the manifold of ground states of this
model on a torus. For a bipartition of the torus along a
given cycle, I will consider the basis of states with mini-
mum entanglement entropy for that bipartition:
{|Φq1〉 , . . . , |Φqi〉 , . . . , |Φqd〉} ⊂ H⊗N . (6)
These states can be identified with the quasiparticles (5)
of the topological model.
The ground state subspace on the torus defines an ef-
fective Hilbert space of dimension d that I will denote
by HG . It is important to distinguish between the lo-
cal Hilbert space H, which characterizes the local physi-
cal degrees of freedom of the topological model, and the
global Hilbert space HG , which describes the subspace of
many-body ground states:
H⊗N ⊃ {|Φqi〉} ' HG . (7)
It is useful to define a basis of states in HG in one to one
correspondence with the basis of mimimum entanglement
entropy states in (6). I will denote these states by:
{|q1〉 , . . . , |qi〉 , . . . , |qd〉} ⊂ HG . (8)
The fusion rules of the topological model can be de-
rived from the algebra of operators connecting the states
4|qi〉 to the vacuum state, which we will assume corre-
sponds to the state |q1〉. If we have that:
|qi〉 = Xi |q1〉 , and XiXj =
∑
k
Nkij Xk, (9)
where each Nkij is a nonnegative integer and the sum is
over the complete set of labels, it follows that the fusion
rules are given by:
qi × qj =
∑
k
Nkij qk. (10)
The modular S matrix is derived by relating the bases of
minimum entanglement entropy states for two different
bipartitions of the torus. If I denote by ˜|Φqi〉 the basis of
states with minimum entanglement entropy for a bipar-
tition along the other cycle of the torus, and by |q˜i〉 the
corresponding basis of states in HG , the elements of the
modular S matrix are given by:
Sij = 〈Φqi |Φ˜qj 〉 = 〈qi|q˜j〉. (11)
Let me illustrate the definitions above with the case of
a Z2 Abelian model. In this case we have two distinct
topological charges:
{q1 ≡ 1, q2 ≡ e}. (12)
Therefore the ground state manifold has dimension d = 2
and HG is isomorphic to the Hilbert space of a spin- 12
spin. The basis of ground states with minimum entan-
glement entropy for a given bipartition are in one to one
correspondence with a certain basis in C2:
H⊗N 3 |Φ1〉 ←→ |1〉 ∈ C2
H⊗N 3 |Φe〉 ←→ |e〉 ∈ C2. (13)
The states of this basis are related to each other by an
operator X, which squares to identity:
|1〉 X−→ |e〉 , X2 = 1. (14)
The fusion rules directly follow from this property:
1 · 1 = 1 −→ 1× 1 = 1
X · 1 = X −→ e× 1 = e
X ·X = 1 −→ e× e = 1. (15)
Conjecture: Non-Abelian symmetrized model
Let me define a topological model characterized by
a set of ground states on the torus that are obtained
as symmetrization of two ground states of the previous
Abelian model in the form:
|Ψ(qi, qj)〉 ≡ P
(|Φqi〉 ⊗ ∣∣Φqj〉) . (16)
By construction, the model describes a lattice of local
degrees of freedom characterized by the Hilbert space
HS ⊂ H⊗H, which is symmetric under exchange of the
local degrees of freedom H.
Since by definition |Ψ(qi, qj)〉 = |Ψ(qj , qi)〉, there will
be D = d(d + 1)/2 independent states of the form (16).
These states will not be in general orthogonal to each
other. They define a ground state subspace of dimension
D. The corresponding topological model has therefore D
topological charges that will be denoted by:
{Qij}i,j=1,...,d, i<j . (17)
I conjecture that this model is a non-Abelian topological
model with the following properties:
i) Global Hilbert space. The global Hilbert space
spanned by the many-body symmetrized states (16) is
isomorphic to HSG ⊂ HG ⊗HG , which is the subspace of
the tensor product states in HG⊗HG that are symmetric
under exchange of the two global degrees of freedom HG :
(HS)⊗N ⊃ {|Ψ(qi, qj)〉} ' HSG
HSG = PG(HG ⊗HG), (18)
where PG =
1+SWAPG
2 and SWAPG exchanges the two
global degrees of freedom HG .
ii) Topological charges. The basis of ground states with
minimum entanglement entropy, which correspond to the
topological charges of the model, are obtained as linear
combinations of the states (16). I conjecture that this
basis is in one to one correspondence with the basis in
HSG formed by the states:
|qi  qj〉 = αij (|qi〉 ⊗ |qj〉+ |qj〉 ⊗ |qi〉) ∈ HSG , (19)
where α−1ij =
√
1 + δij , with δij being the Kronecker
delta. Here, the states |qi〉 define the basis of states in
HG in one to one correspondence with the topological
charges of the Abelian model.
iii) Fusion rules. The fusion rules are determined by
the algebra of operators that create the charges |qi  qj〉
out of the vacuum |q1  q1〉, with |q1〉 denoting the vac-
uum of the Abelian model.
iv) S-matrix. If the Abelian model is characterized by
a modular S-matrix with elements Sij , the S-matrix of
the symmetrized model is given by:
Sij,i′j′ = 〈qi  qj | ˜qi′  qj′〉
=
1
2
(Sii′Sjj′ + Sij′Sji′). (20)
Corollary: Symmetrization of two copies of an
Abelian Z2 model yields a non-Abelian Ising model
From the conjecture above it follows that the model
obtained by symmetrization of two identical copies of an
5FIG. 4: Local and global symmetrizations. (a1) Mani-
fold of ground states on the torus of an Abelian model describ-
ing a lattice of local degrees of freedom characterized by the
Hilbert space H. This manifold is isomorphic to the Hilbert
space HG (b1). The many-body ground states |Φqi〉 are in
one to one correspondence with states |qi〉 in HG . They de-
fine the topological charges of the Abelian model. (a2) Two
ground states of the Abelian model are symmetrized through
the projector P, which locally projects the tensor product
H⊗H onto the local symmetric degree of freedom HS . The
manifold of symmetrized states |Ψ(qi, qj)〉 on a torus defines
the non-Abelian model. This manifold is isomorphic to HSG
(b2), which is symmetric under exchange of the two global
degrees of freedom HG . The topological charges of the sym-
metrized model, |qi  qj〉, are obtained as symmetrization of
tensor products of Abelian charges |qi〉 ⊗ |qj〉. This sym-
metrization is carried out by the global projector PG (see
text).
Abelian Z2 model is a non-Abelian Ising model [9, 43].
First, we notice that the symmetrized model has D = 3
topological charges:
{Q11 ≡ I,Q12 ≡ σ,Q22 ≡ ψ}. (21)
According to point i) of the conjecture, the space of
ground states is isomorphic to the symmetric subspace
of two spin- 12 spins, which corresponds to the Hilbert
space of a spin-1 spin:
{|Ψ11〉 , |Ψ1e〉 , |Ψee〉} ' HSG ' spin-1. (22)
Next, point ii) of the conjecture states that the basis
of states in HSG in correspondence with the topological
charges of the symmetrized model are obtained as sym-
metrizations of products of states in HG corresponding
to the topological charges of the Abelian model:
I ↔ |1 1〉 = |1〉 ⊗ |1〉
σ ↔ |1 e〉 = 1√
2
(|1〉 ⊗ |e〉+ |1〉 ⊗ |e〉)
ψ ↔ |e e〉 = |e〉 ⊗ |e〉 . (23)
Finally, the algebra of the spin-1 operators connecting
the states above determines the fusion rules of the sym-
metrized model. We have that:
|1 1〉
√
2Sx−−−→ |1 e〉 −→ |e e〉
|1 1〉 X=2S
2
x−1−−−−−−−→ |e e〉 , (24)
with Sx ≡ (X ⊗ 1 + 1 ⊗ X)/2 being an effective spin-1
operator component. Therefore we conclude that:
√
2Sx
√
2Sx = 1+ X −→ σ × σ = I + ψ√
2Sx X =
√
2Sx −→ σ × ψ = σ
X X = 1 −→ ψ × ψ = I. (25)
These fusion rules are non-Abelian, since the charge σ
has two fusion channels: I and ψ. They correspond to
an Ising model [9, 43].
Furthermore, it follows from the conjecture that the
symmetrization of k identical copies of a Z2 Abelian
model yields a SU(2)k [9, 43] non-Abelian topological
model. Similarly to the discussion above, the effective
global Hilbert space of such symmetrized model corre-
sponds to the one of a spin-k2 spin. The algebra of spin-
k
2
operators yields non-Abelian fusion rules corresponding
to an SU(2)k topological model.
The core of the conjecture
The conjecture above states that the symmetrization
of the product of identical local degrees of freedom cor-
responding to two copies of a topological model implies
a symmetrization of the two identical Hilbert spaces de-
scribing the many-body ground state subspaces. This
correspondence between the local and global symmetriza-
tions is the core of the conjecture. Once we have estab-
lished such correspondence, the non-Abelian character of
the symmetrized model arises in a natural way. As we
have seen above for the case of two copies of a Z2 model,
the operators connecting states in the symmetrized global
Hilbert space define an algebra that yields non-Abelian
fusion rules. These non-Abelian properties arise from
the restriction imposed by the symmetrization on the
tensor product of operators defining the Abelian alge-
bra. The crucial point of the conjecture is to state that
a symmetrized algebra (which is naturally non-Abelian)
has a physical realization: it corresponds to a subspace
of many-body ground states obtained from two Abelian
6ground states through symmetrization of the local de-
grees of freedom.
Points i) and ii) constitute the core of the conjecture.
To prove i) one needs to show the existence of a corre-
spondece between the local symmetrization carried out
by the projector P on the tensor product of local degrees
of freedom H ⊗ H, and the global symmetrization that
projects the tensor product of global spacesHG⊗HG onto
the symmetric global subspace HSG (see Fig. 4). Point ii)
further requires to demonstrate that the quasiparticles of
the symmetrized model are obtained from symmetriza-
tion in the global subspace of products of charges of the
Abelian model that serves as a copy. This can be done
using the correspondence i). Points iii) and iv) follow
directly from i) and ii).
Here, I will consider the case of two copies of the toric
code model and prove that the emerging symmetrized
model satisfies the conjecture above. First, I will estab-
lish an isomorphism between the manifold of many-body
symmetrized states and the symmetric global Hilbert
space. Then I will show that the topological charges of
the symmetrized model are given by (19). Finally, I will
obtain the fusion rules and the S-matrix of the model,
demonstrating its non-Abelian character.
CHARGES, FUSION RULES AND S-MATRIX OF
THE TORIC CODE MODEL
The toric code model [12] is a seminal example of an
Abelian topological model. It describes spin- 12 spins sit-
ting at the edges of a square two-dimensional lattice. The
ground state (see Fig. 5) is a superposition with equal
weight of all possible spin states in which up-spins are
arranged along a closed loop configuration L:
|Φ〉 ∝
∑
{L}
|L〉 . (26)
Here, |L〉 = ∏`∈L σx` |vac〉, and |vac〉 = ⊗N`=1 |↓〉`.
Ground state subspace on the torus
The properties of the topological model (topological
charges, fusion and braiding rules) are encoded in the
manifold of ground states on a torus. There are 4 ground
states:
|Φ〉 , X1 |Φ〉 , X2 |Φ〉 , X1X2 |Φ〉 , (27)
whereX1(2) =
∏
`∈Cx(y) σ
x
` , and Cx(y) are the two different
non-contractible loops (see Fig. 5). These states define
an effective Hilbert space HG of dimension d = 4. It is
straightforward to see that this Hilbert space corresponds
to the one of two effective spin- 12 spins (the one of two
FIG. 5: Toric code model. The toric code model describes
1
2
-spin spins sitting at the edges of a square lattice. (a) The
ground state is a superposition of closed loops configurations,
where the presence or absence of a line segment at a given
edge represents, respectively, the state up or down of the spin-
1
2
spin. (b) On the torus there are four degenerate ground
states, corresponding to the two classes of non-contractible
loops Cx, Cy (C˜x, C˜y) in the normal (dual) lattice. (c) The
string operators X1, Z1, X2, Z2 (see text) define an effective
two-qubit algebra in the space of ground states on the torus.
qubits):
HG ' C2 ⊗C2 ' 1
2
⊗ 1
2
. (28)
If we define dual operators Z1(2) =
∏
`∈C˜x(y) σ
z
` , with
C˜x(y) being non-contractible loops in the dual lattice, we
have:
{X1(2), Z1(2)} = 0. (29)
The operators Z1(2)(X1(2)) therefore represent effective
z(x)-Pauli matrices. The many-body states in (27) are
in one to one correspondence with states of the two spin- 12
spins for which both spins have well defined z-component:
|Φ〉 ←→ |+zˆ〉 |+zˆ〉 ≡ |1〉
X2 |Φ〉 ←→ |+zˆ〉 |−zˆ〉 ≡ |2〉
X1 |Φ〉 ←→ |−zˆ〉 |+zˆ〉 ≡ |3〉
H⊗N 3 X1X2 |Φ〉 ←→ |−zˆ〉 |−zˆ〉 ≡ |4〉 ∈ HG .
(30)
Here, |±zˆ〉 ∈ C2 and σz |±zˆ〉 = ± |±zˆ〉 [46].
Topological charges and minimum entanglement
entropy states
The model has d = 4 topological charges:
{q1 ≡ 1, q2 ≡ e, q3 ≡ m, q4 ≡ em}, (31)
which correspond, respectively, to the vacuum, the elec-
tric charge, the magnetic charge and the composite of
electric and magnetic charges. The basis of ground states
7FIG. 6: Topological charges of the toric code model.
The charges along the x-direction correspond to states of two
qubits for which the first and the second qubit have well de-
fined x-component and z-component, respectively. The qubit
states are represented by vectors in the Bloch sphere. Start-
ing from the vacuum state |1〉, an electric charge |e〉 is created
by flipping the second qubit, whereas flipping the first qubit
creates a magnetic charge |m〉.
with minimum entanglement entropy, which correspond
to the topological charges of the model, are obtained as
linear combinations of the states (27). For a bipartition
of the torus along the x-axis these states are [40, 41]:
|Φ1〉 , |Φe〉 ≡ X2 |Φ1〉 ,
|Φm〉 ≡ Z1 |Φ1〉 , |Φem〉 ≡ X2Z1 |Φ1〉 , (32)
where |Φ1〉 ≡ 1√2 (1 +X1) |Φ〉. They correspond to states
of the two effective qubits for which the first qubit has
well defined x-component, whereas the second has well
defined z-component (see Fig. 6):
|Φ1〉 ←→ |+xˆ〉 |+zˆ〉 ≡ |q1〉
|Φe〉 ←→ |+xˆ〉 |−zˆ〉 ≡ |q2〉
|Φm〉 ←→ |−xˆ〉 |+zˆ〉 ≡ |q3〉
H⊗N 3 |Φem〉 ←→ |−xˆ〉 |−zˆ〉 ≡ |q4〉 ∈ HG .
(33)
Here, |±xˆ〉 ∈ C2 and σx |±xˆ〉 = ± |±xˆ〉.
I have introduced three different bases of states, which
will be important when discussing the topological sym-
metrized model below. The basis of many-body states
with minimum entanglement entropy, |Φqi〉 ∈ H⊗N , de-
fined in (32), is in one to one correspondence with the
basis of states |qi〉 in HG defined in (33). Additionally,
we have the basis of states |i〉 in HG , defined in (30),
which is related to the basis of states |qi〉 by applying
the Hadamard transformation H to the first qubit:
H⊗N 3 |Φqi〉 ←→ |qi〉 = H⊗ 1 |i〉 ∈ HG . (34)
Fusion rules and S-matrix
The fusion rules can be obtained from (32) taking into
account the properties of the operators Z1 and X2:
e× e = 1 m×m = 1 e×m = em
em× e = m em×m = e em× em = 1.
These fusion rules are trivial, with only one channel, in-
dicating that the model is Abelian.
The modular S-matrix is derived by relating the bases
of minimum entanglement entropy states for two different
bipartitions of the torus. For a bipartition of the torus
along the y-axis the basis of minimum entanglement en-
tropy states is in one to one correspondence with a basis
of states |q˜i〉, which is obtained from |qi〉 by exchanging
the two qubits:
|q˜i〉 = SWAP |qi〉 . (35)
Here, SWAP is the unitary operation exchanging the two
qubits. Therefore, we have:
Sij = 〈qi | q˜j〉 = 〈qi|SWAP |qj〉
= 〈i|H⊗ 1 · SWAP · H⊗ 1 |j〉
= 〈i|SWAP · H⊗ H |j〉 . (36)
SYMMETRIZED ANYON MODEL FROM TWO
COPIES OF THE TORIC CODE
Spin-1 symmetrized state
Let me consider the many-body state describing a lat-
tice of spin-1 particles that is constructed by symmetriza-
tion of two identical copies of the toric code ground state
in Eq. (26):
|Ψ〉 = P (|Φ〉 ⊗ |Φ〉) . (37)
Here, the projection P =
∏
` P` is a product of local
projectors that map the tensor product of two spins- 12
spins onto the symmetric subspace of total spin-1:
P` : H⊗H ' 1
2
⊗ 1
2
−→ HS ' spin-1, (38)
In terms of local spin-1 operators, Sα` , α = x, y, z, the
state (37) has the form:
|Ψ〉 ∝
∏
p
(1 +B1p)
∑
{L}
|L1〉 . (39)
Here, |L1〉 =
∏
`∈L S
x
` |−〉, with |−〉 =
⊗N
`=1 |−〉`, and
|−〉` denotes the state with minimum z-component of
the `th spin-1 spin. The plaquette operator
B1p =
∏
`∈p
(2[Sx` ]
2 − 1) (40)
acts on the four spins within a lattice plaquette p. Using
a language of strings, the three orthogonal states of the
local spin-1 degree of freedom:
|−〉`
1√
2
|0〉` = Sx` |−〉` ,
|+〉` = (2[Sx` ]2 − 1) |−〉` , (41)
8FIG. 7: Spin-1 symmetrized state. (a) Two copies of a
toric code ground state Φ are merged by the projector P,
leading to the spin-1 state Ψ. (b) Local projection of two
spin- 1
2
spins onto a spin-1 spin. Spin- 1
2
and spin-1 states are
represented by line segments.
are mapped, respectively, onto no-segment, single-line
segment, and double-line segment in the corresponding
loop configuration (see Fig. 7). Within this language,
the states |L1〉 are closed loop configurations of single
lines, and the symmetrized state (39) is a superposition
of closed loops made of single lines, modulo plaquette
moves B1p that exchange no-lines with double-lines.
For all the discussion that follows, the actual form of
the symmetrized state in terms of spin-1 operators is not
relevant. The properties of the symmetrized anyon model
will be derived only taking into account the form (37),
using both the properties of the projector and the prop-
erties of the Abelian anyon model defining the copies.
Symmetrized ground state subspace on the torus
Let me consider the topological model that results from
symmetrization of two identical toric code models. This
model is defined through a set of ground states on the
torus that are obtained as symmetrization of two ground
states of the toric code model in the form:
|Ψ(qi, qj)〉 ≡ P
(|Φqi〉 ⊗ ∣∣Φqj〉) , (42)
where the states |Φqi〉 are defined in (32). In the fol-
lowing I analyze the manifold of ground states (42) and
characterize the corresponding symmetrized topological
model.
Before symmetrization, there are 16 independent states
of the form |Φqi〉 ⊗
∣∣Φqj〉, corresponding to all possible
tensor products of two toric code ground states (Fig. 8a).
The Hilbert space of these product states is isomorphic to
the one of four qubits (Fig. 9a), with the correspondence:
(H⊗H)⊗N 3 |Φqi〉 ⊗
∣∣Φqj〉←→ |qi〉 ⊗ |qj〉 ∈ HG ⊗HG .
FIG. 8: Symmetrized states on the torus. The 16 prod-
uct states Φqi ⊗ Φqj (a) corresponding to two copies of the
toric code ground state subspace are mapped, after sym-
metrization through the projector P, onto 10 linearly inde-
pendent symmetrized states Ψ(qi, qj) (b).
If the qubits of the first (second) copy are denoted by
{1, 2} ({3, 4}), the states |qi〉⊗|qj〉 correspond to the basis
in which qubits {1, 3} have well defined x-component,
whereas {2, 4} have well defined z-component:
|qi〉 ⊗ |qj〉 = |λixˆ〉1 |λj xˆ〉3 |µizˆ〉2 |µj zˆ〉4 , (43)
with λi(j), µi(j) = ±.
The symmetrization carried out by the operator P
makes some of the tensor product states indistinguish-
able, leaving D = 10 linearly independent symmetrized
states of the form (42) (Fig. 8b). I will show below that
the subspace spanned by these states is isomorphic to the
subspace of the Hilbert space of four qubits that is sym-
metric under exchange of the two pairs of qubits {1, 2}
and {3, 4}:
{|Ψ(qi, qj)〉} ' HSG ' 1⊗ 1⊕ 0⊗ 0
⊂ 1
2
⊗ 1
2
⊗ 1
2
⊗ 1
2
' HG ⊗HG . (44)
Here, 1 ⊗ 1 (0 ⊗ 0) denotes the tensor product of the
subspaces with total spin-1(0) for the qubits {1, 3} and
{2, 4} (see Fig. 9b). This will prove point i) of the conjec-
ture. In proving this result, I will characterize the hidden
topological order of the symmetrized states in Eq. (42).
Furthermore, I will show that the topological charges of
the symmetrized model are in one to one correspondence
with the 4-qubit states in HSG of the form:
|qi  qj〉 ∝ |qi〉 ⊗ |qj〉+ |qj〉 ⊗ |qi〉 . (45)
Finally, I will obtain the fusion and braiding rules char-
acterizing the symmetrized model.
9FIG. 9: Four qubits symmetric subspace. The ten-
sor product space of four qubits (a), corresponding to two
copies of the ground state manifold of the toric code model,
is mapped after symmetrization onto a subspace (b) that is
symmetric under exchange of the two pairs of qubits {1, 2}
and {3, 4}. The basis of product charges |qi〉⊗ |qj〉 is mapped
onto the basis of symmetric charges |qi  qj〉.
Characterization of symmetrized states through
spin-1 string operators
Let me start by defining the following spin-1 string
operators on the torus:
X (X ′) =
∏
`∈Cx(Cy)
(2[Sx` ]
2 − 1)
Z ′(Z) =
∏
`∈C˜x(C˜y)
(2[Sz` ]
2 − 1). (46)
They trivially fulfill X 2(X ′2) = Z2(Z ′2) = 1, so that
their eigenvalues are ±1. We can write them as projec-
tions of tensor products of spin- 12 string operators in each
copy in the form:
X (X ′)P = P
∏
`∈Cx(Cy)
P`(σ
x
` ⊗ σx` )P` = P(X1(2) ⊗X3(4))
Z ′(Z)P = P
∏
`∈C˜x(C˜y)
P`(σ
z
` ⊗ σz` )P` = P(Z2(1) ⊗ Z4(3)).
From the above expressions, we see that the operators
Z,X correspond, respectively, to the parity (Z ⊗Z) and
phase (X ⊗ X) of the pair of qubits {1, 3}. Conversely,
the operators Z ′,X ′ correspond to the parity and phase
operator of the pair of qubits {2, 4} (see Fig. 10).
The symmetrized states in Eq. (42) are eigenstates of
X and Z ′:
X |Ψ(qi, qj)〉 = P
(
X1 |Φqi〉 ⊗X3
∣∣Φqj〉) = ±1
Z ′ |Ψ(qi, qj)〉 = P
(
Z2 |Φqi〉 ⊗ Z4
∣∣Φqj〉) = ±1. (47)
We can classify them according to the different eigenval-
ues of X and Z ′ (see Table I). Within each subspace the
FIG. 10: Spin-1 string operators. The string operators
X ,Z (X ′,Z ′) on the normal (dual) lattice completely charac-
terize the manifold of symmetrized states on a torus. These
operators correspond in the global symmetric subspace of 4-
qubits to the phase and parity operators of the pairs of qubits
{1, 3} and {2, 4}.
states are related to each other by the operators X ′ and
Z. For example, we have
|Ψ(e, e)〉 = P(|Φe〉 ⊗ |Φe〉) =
= P(X2 ⊗X4)(|Φ1〉 ⊗ |Φ1〉)
= X ′P(|Φ1〉 ⊗ |Φ1〉) = X ′ |Ψ(1, 1)〉 . (48)
X Z ′ Symmetrized State
1 1 Ψ(1, 1)
X ′−−→ Ψ(e, e)
Z−−→ Ψ(m,m) X ′−−→ Ψ(em, em)
1 −1 Ψ(1, e) Z−−→ Ψ(m, em)
−1 1 Ψ(1,m) X ′−−→ Ψ(e, em)
−1 −1 Ψ(e,m) X ′−−→ Ψ(1, em)
TABLE I: Symmetrized states are clasiffied by the eigenvalues
of the spin-1 string operators X and Z ′. Within each subspace
the states are connected through the operators X ′ and Z.
Correspondence between symmetrized many-body
spin-1 states and 4-qubit states
Let me consider a basis for the symmetric subspace of
four qubits HSG in the form:
|qi  qj〉 = αij(|qi〉 ⊗ |qj〉+ |qj〉 ⊗ |qi〉), (49)
with α−1ij =
√
1 + δij . These states are eigenstates of the
operators X1 ⊗X3 and Z2 ⊗ Z4 [46] and therefore have
well defined phase and parity for the pairs of qubits {1,3}
and {2,4}, respectively. They fulfill:
X1 ⊗X3 |qi  qj〉 =
αijX1 ⊗X3 [1 + SWAP13SWAP24] |qj〉 ⊗ |qi〉 =
αij [1 + SWAP13SWAP24]X1 |qj〉 ⊗X3 |qi〉 = ± |qi  qj〉 ,
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FIG. 11: Microscopic vs global algebra. The alge-
bra of operators connecting the different many-body sym-
metrized states (a) is equivalent to the one of operators
connecting the 4-qubit states in the symmetric subspace
(b). The spin-1 string operators X ,X ′,Z,Z ′ correspond,
respectively, to the parity and phase operators for pairs
of qubits X1X3, X2X4, Z1Z2, Z3Z4. The symmetric 4-qubit
states |qi  qj〉 are represented in terms of products of triplets
and singlets for pairs of qubits {1, 3} and {2, 4} (see inset in
Fig. 12).
and, similarly, for Z2⊗Z4. Within each eigensubspace the
states are connected to each other through the operators
X2 ⊗X4 and Z1 ⊗ Z3 as shown in Table II.
X1X3 Z2Z4 4-qubit Symmetric State
1 1 1 1 X2X4−−−−→ e e
Z1Z3−−−−→ mm X2X4−−−−→ em em
1 −1 1 e Z1Z3−−−−→ m em
−1 1 1m X2X4−−−−→ e em
−1 −1 em Z1Z3−−−−→ 1 em
TABLE II: Symmetric 4-qubit states are classified by the
eigenvalues of the operators X1X3 and Z2Z4. Within each
eigensubspace, the states are connected through the opera-
tors X2X4 and Z1Z3.
If we establish the correspondence:
X (X ′) ←→ X1(2) ⊗X3(4)
Z(Z ′) ←→ Z1(2) ⊗ Z3(4), (50)
between string operators and parity and phase opera-
tors for pairs of qubits, the two tables I and II are
equivalent (see Fig. 11). We can therefore conclude that
the ground state subspace of many-body symmetrized
states is isomorphic to the symmetric subspace of four
qubits, HSG . When establishing the one to one corre-
spondence between many-body symmetrized states and
4-qubit states, we have to take into account the fact that
the symmetrized states |Ψ(qi, qj)〉 within each eigensub-
space (states within the same row in Table I) are not
orthogonal to each other. For example, we have:
〈Ψ(1, 1)|Ψ(e, e)〉 = 〈Ψ(1, 1)| X ′ |Ψ(1, 1)〉 6= 0. (51)
The states can be made orthogonal by making symmetric
and antisymmetric superpositions of the form:
|Ψ(1, 1)〉 ± |Ψ(e, e)〉 = (1±X ′) |Ψ(1, 1)〉 , (52)
which correspond to different eigenvalues of the operator
X ′. The actual isomorphism is:
η±(1±X ′) |Ψ(1, 1)〉 ←→ 1√2 (1±X2X4) |1 1〉
η±(1±Z) |Ψ(1, 1)〉 ←→ 1√2 (1± Z1Z3) |1 1〉
η±(1±Z) |Ψ(1, e)〉 ←→ 1√2 (1± Z1Z3) |1 e〉
η±(1±X ′) |Ψ(1,m)〉 ←→ 1√2 (1±X2X4) |1m〉
η±(1±X ′) |Ψ(e,m)〉 ←→ 1√2 (1±X2X4) |em〉 .
CHARGES, FUSION RULES AND S-MATRIX
The charges of the model
The charges |Qij〉 of the symmetrized model are given
by the superpositions of the symmetrized many-body
states |ψ(qi, qj)〉 in Eq. (42) that satisfy the condition of
mimimum entanglement entropy. Before symmetrizing,
the charges of two copies of the toric code model corre-
spond in the effective subspace of 4-qubits to the tensor
product states |qi〉 ⊗ |qj〉 defined in Eq. (43). Therefore,
for two-copies of the toric code model, to satisfy the con-
dition of minimum entanglement entropy is equivalent
in the subspace of 4-qubits to guarantee that the pairs
{1, 3} and {2, 4} have well defined x- and z- components,
respectively.
Let me assume here the following intuitive result: Since
the subspace of symmetrized many-body states is iso-
morphic to the symmetric subspace of 4-qubits HSG , find-
ing the basis of minimum entanglement entropy states
(MES’s) for the symmetrized model is equivalent to find-
ing the basis for 4-qubits that better defines the x- and z-
components for qubits {1, 3} and {2, 4} within HSG . This
result can indeed be proved to be true. By considering
a partition on the torus, the microscopic basis of MES’s
of the symmetrized model can be obtained [44]. This
calculation is similar to the one performed to obtain the
charges for a single copy of the toric code model [40, 41].
This proof will be presented elsewhere [44].
It is straightforward to see that the basis in the sym-
metric subspace HSG that allows for a better definition of
the x- and z-components of qubits {1, 3} and {2, 4} is
precisely the basis |qi  qj〉 introduced above in Eq. (49)
(see Appendix). Therefore we have that:
|Qij〉 = |qi  qj〉 , (53)
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FIG. 12: Topological charges of the symmetrized
model. The ten topological charges of the model are rep-
resented in terms of triplet and singlet states for the pairs
of qubits {1, 3} and {2, 4}. The trios {I, E , E2}, {I,M,M2}
fulfill a spin-1 algebra and behave as copies of an Ising model.
and the charges of the model are:
I = 1 1 E = 1 e E2 = e e
M = 1m (EM)1, (EM)2 E2M = e em
M2 = mm EM2 = emm E2M2 = em em,
(54)
with (EM)1 = em and (EM)2 = em 1.
It is useful to write the states |qi  qj〉 in terms of
tensor products of triplets and singlets for the pairs of
qubits {1, 3} and {2, 4}. If we define∣∣t˜+〉 = |xˆ, xˆ〉 |t+〉 = |zˆ, zˆ〉∣∣t˜0〉 = 1√2 (|xˆ,−xˆ〉+ |−xˆ, xˆ〉), |t0〉 = 1√2 (|zˆ,−zˆ〉+ |−zˆ, zˆ〉)∣∣t˜−〉 = |−xˆ,−xˆ〉 |t−〉 = |−zˆ,−zˆ〉
|s〉 = 1√
2
(|zˆ,−zˆ〉 − |−zˆ, zˆ〉),
most of the states |qi  qj〉 can be written as products of
triplets
∣∣t˜α〉 ⊗ |tβ〉 (see Fig. 11). The states |em〉 and
|em 1〉 are, respectively, symmetric and antisymmetric
superpositions of
∣∣t˜0〉⊗ |t0〉 and |s〉 ⊗ |s〉.
The fusion rules
The fusion rules [9, 43] follow from the algebra of spin
operators in the symmetrized subspace HSG . On the one
hand, we have that {I, E , E2} and {I,M,M2} fulfill a
spin-1 algebra:
I
X2+X4√
2
(
Z1+Z3√
2
)
−−−−−−−−−−−→ E(M) −→ E2(M2)
I X2X4(Z1Z3)−−−−−−−−−−−−−−−−−−−−→ E2(M2), (55)
with X2+X42 (
Z1+Z3
2 ) corresponding to the x-component of
an effective global spin-1 operator SxG , and X2X4(Z1Z3)
corresponding to 1− 2[SxG ]2. It therefore follows that:
E × E = I + E2 E × E2 = E E2 × E2 = I
M×M = I +M2 M×M2 =M M2 ×M2 = I.
On the other hand, we have that
I
Z1X4+Z3X2√
2−−−−−−−−→ (EM)1
I
Z3X4+Z1X2√
2−−−−−−−−→ (EM)2, (56)
so that
E ×M = (EM)1 + (EM)2
(EM)1 × (EM)1 = (EM)2 × (EM)2 = 1 + E2M2
(EM)1 × (EM)2 = E2 +M2.
The other fusion rules follow from these non-trivial
ones by using the associative property. The subsets
of charges {I, E , E2} and {I,M,M2} behave internally
like two type of Ising models [9, 43], with E ,M being
two types of Ising quasiparticles, and E2,M2 the corre-
sponding two types of fermions. But, interestingly, the
charges E and M are also non-Abelian with respect to
each other, having two different fusion channels, (EM)1
or (EM)2. We see how, through symmetrization, the
Abelian charges are converted into non-Abelian ones with
non-trivial fusion channels.
The S-matrix
The S-matrix of the model is easily obtained as the
modular transformation relating the two basis of charges
Q and Q˜ corresponding to the -x and -y direction of the
torus [40–42]. For the model I discuss here, we have:
Sij,i′j′ = 〈qi  qj | ˜qi′  qj′〉 =
〈qi  qj |SWAP12SWAP34|qi′  qj′〉 = (57)
〈i j|H1H3 · SWAP12SWAP34 · H1H3|i′  j′〉,
where I have used that |qi  qj〉 = H1 ⊗ H3 |i j〉, with
|i j〉 ∝ |i〉  |j〉+ |j〉  |i〉. Therefore, we obtain that:
Sij,i′j′ = 〈i j|SWAP12SWAP34 · H2H4H1H3|i′  j′〉 =
〈i j|S ⊗ S|i′  j′〉. (58)
Thus the S-matrix of the symmetrized model is the pro-
jection onto the symmetric subspace of the tensor prod-
uct of the S-matrices of the copies. It is illuminating to
write the S-matrix in the basis of triplets and singlets
{|tα〉 ⊗ |tβ〉 , |s〉 ⊗ |s〉}. In this basis, the matrix is block
diagonal in the subspaces 1 ⊗ 1 and 0 ⊗ 0. Taking into
account that
〈tα|H⊗ H |tβ〉 = [eipi4 Sy ]α,β , (59)
with Sy the y-component of a spin-1 operator, the S-
matrix takes the form:
S ′ = SWAPtt eipi4 Sy ⊗ eipi4 Sy ⊕ 1ss. (60)
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Here, SWAPtt is a unitariy operator in the 1⊗1 subspace
that exchanges the two triplets and maps |tα〉⊗ |tβ〉 onto
|tβ〉⊗|tα〉, reordering the elements of the basis. Up to this
reordering, within the subspace of triplets the S-matrix
is the tensor product of two copies of the matrix
ei
pi
4 Sy =
 1 −
√
2 1
−√2 0 √2
1
√
2 1
 . (61)
The matrix (61) is precisely the S-matrix of the
Ising (non-Abelian) model [43]. The S-matrix of the
symetrized model in Eq. (58) is obtained as U†S ′U , where
U is the unitary transforming the basis of triplets and sin-
glets {|tα〉⊗|tβ〉 , |s〉⊗|s〉} into the basis of states |i j〉.
The latter are given by |tα〉⊗|tβ〉, for (α, β) 6= (0, 0), and
1√
2
(|t0〉 ⊗ |t0〉 ± |s〉 ⊗ |s〉). This change of basis destroys
the tensor product structure of S′ in Eq. (60) and couples
the two Ising models.
CONCLUSIONS AND OUTLOOK
I have proposed a physical mechanism for the emer-
gence of non-Abelian topological order from a set of phys-
ical microscopic degrees of freedom. Within my proposal
non-Abelian order arises from the organization of a quan-
tum many-body system in indistinguishable copies of the
same collective state. The intuition behind this idea is
simple. The freedom to assign quasiparticles to the iden-
tical copies gives origin to a set of degenerate states that
are locally indistinguishable and are connected to each
other by braiding of quasiparticles. This opens the path
for non-Abelian braiding statistics.
I have presented a conjecture on topological models
that arise from symmetrization of identical copies of
an Abelian model. The manifold of many-body sym-
metrized states on a torus is proposed to be isomorphic to
an effective symmetric global Hilbert space. This global
space is spanned by symmetrizations of tensor products
of Abelian topological charges, which define the quasipar-
ticles of the symmetrized model. Similarly, the modular
S-matrix is proposed to be obtained as the projection
onto the symmetric global subspace of the tensor prod-
uct of copies of the Abelian S-matrix.
To illustrate the theory, I have analyzed the case of
two copies of the toric code model. By defining appropri-
ate spin-1 string operators, an isomorphism has been es-
tablished between the space of microscopic symmetrized
many-body ground states and a symmetric global sub-
space of four qubits. Using this correspondence, I have
argued that the topological charges of the model satisfy
the general conjecture and are obtained as symmetriza-
tion of products of the toric code quasiparticles. The
symmetrized model has been shown to be non-Abelian,
corresponding to two copies of an Ising model that are
linked together in a non-trivial manner. It is interesting
to investigate whether this non-Abelian model might be
universal for quantum computation [9]. The symmetrized
topological charges can be shown to be the states of min-
imum entanglement entropy by considering a bipartition
on the torus. The details of this result will be presented
in an upcoming work [44].
The ideas developed here for the case of two copies
of the toric code model can be generalized to prove the
conjecture in the general case. Starting with many-
body operators characterizing the topological order of
the Abelian copies, one can construct appropriate string
operators for the symmetrized many-body states. The
analysis of the algebra of such operators would allow one
to identify the isomorphic symmetric global effective sub-
space. The topological charges would be then obtained
through symmetrization of Abelian quasiparticles in such
global subspace.
This formalism opens a path for the generation of non-
Abelian models from known Abelian ones. It is chal-
lenging to investigate what type of non-Abelian mod-
els arise as symmetrization of Abelian copies. For in-
stance, interesting many-body states and models might
emerge from the symmetrization of copies of chiral spin
liquids, resonating valence bond states or topological in-
sulators. Conversely, it is intriguing to explore whether
known non-Abelian models could be deconstructed into
copies of Abelian ones. This is the case for the semi-
nal example of a non-Abelian state, the Pfaffian state,
which is expected to occur in fractional quantum Hall
systems. This state can be written as two copies of a
Laughlin (Abelian) state [37]. I believe that similar con-
structions are also possible for other known instances of
non-Abelian anyons and states, such as Fibonacci anyons
or p-wave superconductors.
Finally, the investigation of the parent Hamiltonians
associated to these symmetrized non-Abelian models is
of crucial importance. My previous work for the case
of two copies of the toric code model [37] suggests that
the interactions behind this type of order are local and in-
volve a small number of spins. It is challenging to explore
whether we can develop a recipe for the construction of
non-Abelian parent Hamiltonians based on the Hamilto-
nians of the Abelian copies. This approach would help
us deepen our understanding of the microscopic interac-
tions underlying non-Abelian anyons, serving as a guide
for their experimental realization [45].
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APPENDIX: BASIS OF SYMMETRIZED
TOPOLOGICAL CHARGES
I aim to find the basis of states of four qubits that bet-
ter defines the individual x-components of spins {1, 3}
and the z-components of spins {2, 4}, within the sub-
space of states that is symmetric under the simultaneous
exchange of spins 1 and 3, and 2 and 4. Since the pro-
jection onto this symmetric subspace commutes with the
total spin components (X1 +X3)/2 and (Z2 +Z4)/2, the
elements of such basis must be eigenstates of these oper-
ators. These eigenstates are precisely {∣∣t˜α〉 ⊗ |tβ〉 , |s〉 ⊗
|s〉}, with the triplets ∣∣t˜α〉, |tβ〉, and the singlet |s〉 defined
above (see Fig. 12). They are characterized by different
eigenvalues of the operators (X1+X3)/2 and (Z2+Z4)/2,
except for the states
∣∣t˜0〉 ⊗ |t0〉 and |s〉 ⊗ |s〉, for which
both spin components are zero. The symmetric and anti-
symmetric superpositions of these two states are the ones
that better define the individual x-components of spins
{1, 3} and the z-components of spins {2, 4}, since such
superpositions have vanishing expectation value for the
operators (Z1 + Z3)/2 and (X2 + X4)/2. Therefore the
basis that we are looking for is:∣∣t˜α〉⊗ |tβ〉 , (α, β) 6= (0, 0)
1√
2
(
∣∣t˜0〉⊗ |t0〉 ± |s〉 ⊗ |s〉). (62)
This basis coincides with the one of symmetrized four
qubit states |qi  qj〉 defined in Eq. (49).
